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0.1 Introduction

0.2 Freyd cover of a category

Definition 0.2.1 (Comma Category). Let A,B, C locally small categories
and let F : A → C, G : B → C two functors

A C B

Then we call comma category of F and G 1, (F ↓ G), the category with:

• Objects: an object is a triple (A,B, f) where f : F (A) → F (B) is a
C-morhpism

• Arrows: a morphism from (A,B, f) to (A′, B′, f ′) is a pair (h, k) of an
A-morphism h : A → A′ and a B-morphism k : B → B′ such that the
following diagram is commutative :

F (A) G(B)

F (A′) G(B′)

f

F (h) G(k)

f ′

Remark 0.2.2. Notice that there are two canonical forgetful functors defined
over the comma category:

• a functor Π1 : (F ↓ G) → A that forget the comma structure preserving
the ”A-structure” defined as:

(F ↓ G) A

(A,B, f) A

(A′, B′, f ′) A′

Π1

(h,k) h

1the name ”comma category” arises from the notation (F,G) used by Lawvere
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• a functor Π2 : (F ↓ G) → B (preserving the ”B-structure”) defined as:

(F ↓ G) B

(A,B, f) B

(A′, B′, f ′) B′

Π2

(h,k) k

Theorem 0.2.3. Let A and B be two finitely cocomplete categories and let
F : A → C, B → C two functors. If F is a cocontinous functor - i.e. preserves
small colimits - then the comma category (F ↓ G) is finitely cocomplete;
morover the forgetful functors are cocontinous.
Analogously if A and B are finitely complete categories and G : A → C is
continous - i.e. preserves small limits - then (F ↓ G) is finitely complete and
both forgetfoul functors are continous.

Proof. Let’s begin by proving the cocomplete case. We will start from co-
completeness of the category and then we will move on to che cocontinuity
of the forgetful functors. Recall that a a category is finitely cocomplete if
and only if it admits initial object and pushouts; we will construct explicitely
both objects:
Initial Object: We will construct the initial object of (F, ↓ G) by using the
cocompletens of A and B: indeed, let 0A be the initial object of A and 0B
the initial object of B. Now, since F is a cocontinous functor F (0A) = 0C
where 0C is in C; thus there is a unique morphism in : F (0A) = 0C → G(0B)
in C. Now, we claim (0A, 0B, in) to be initial in (F ↓ G):

• existence: let (A,B, f) be an object of (F ↓ G); then there exists two
unique morphisms inA, inB respectively in A and B such that inA :
0A → A and inB : 0B → B. Thus we have a candidate morphism
(inA, inB). In order to check that this morphism is a morphism of
(F ↓ G) we need to show that the following diagram is commutative:

F (0A) = 0C G0B

FA GB

in

F inA GinB

f
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The diagram above is trivially commutative: since 0C is intial in C
both f ◦ FinA : 0C → GB and GinB ◦ in : 0C → GB must be equal to
inGB : 0C → GB. Thus

(0A, 0B, in)
(inA,inB)−−−−−→ (A,B, f)

is a morphism in (F ↓ G)

• uniqueness: let (0A, 0B, in)
(inA,inB)−−−−−→

(h,k)
(A,B, f) two arrows in (F ↓ G);

then since 0A, 0B are initial, then h = inA and k = inB; hence (h, k) =
(inA, inB) and so (inA, inB) is unique

Thus (F ↓ G) admits initial object
Pushouts: As for the case above let construct the pushouts in (F ↓ G)
by using pushout provided by cocompleteness of A,B. Take the following
scenario in (F ↓ G)

(A,B, f) (A′, B′, f ′)

(A′′, B′′, f ′′)

(h,k)

(h′,k′) (1)

then we can form two pushouts in A and B:

A A′ B B′

A′′ PA A′′ PB

h

h′ p1

k

k′ q1

p2

⌟

q2

⌟

Now, follwoing the same idea of initial object we may expect the pushout
in (F ↓ G) to be (PA, PB, u) for some u : F (PA) → G(PB). Now, we need
to construct a candidate for u. Firs of all, since F preserves finite colimits,
F (PA) = P ′

A is the pushout of Fh : FA → FA′ and Fh′ : FA → FA′′ in C
(wiht projection π1 : FA

′ → P ′
A, π2 : FA

′′ → P ′
A equal to Fp1 and Fp2 up to
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isomorphism). Then we have the following diagram:

FA FA′

P ′
A

FA′′ GPB

Fh

Fh′ Fq1◦f ′

∃!u

Fq2◦f ′′

(2)

The external square is commutative since Fq1 ◦ f ′ ◦ Fh = Fq1 ◦ Fk ◦ f =
Fq2◦Fk′◦f = Fq2◦f ′′◦Fh′ (we used arrow condition of (F ↓ G) plus the fact
that image under functor of commutative diagrams are indeed commutative).
Thus there exists a unique u : P ′

A → GPB such u ◦ Fp2 = Fq2 ◦ f ′′ and
u ◦ Fp1 = Fp1 ◦ f ′. Now, we claim (PA, PB, u) to be the pushout of (1) with
projections (p1, q1) : (A

′, B′, f ′) → (PA, PB, u) and (p2, q2) : (A
′′, B′′, f ′′) →

(PA, PB, u).

(A,B, f) (A′, B′, f ′)

(A′′, B′′, f ′′) (PA, PB, u)

(h,k)

(h′,k′) (p1,q1)

(p2,q2)

Now, we shall prove that the projections are actually arrows of (F ↓ G)
and that the universal property holds.
We begin proving that the projections are actually arrow, i.e. that the fol-
lowing diagrams are commutative:

FA′ GB′ FA′′ GB′′

P ′
A GPB P ′

A GPB

f ′

Fp1 Gq1

f ′′

Fp2 Gq2

u u

Both diagrams are commutative as consequence of the diagram (2); hence
projections are indeed arrows in (F ↓ G).
Now we prove that the universal propery holds:
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• existence: assume the following diagram is commutative

(A,B, f) (A′, B′, f ′)

(A′′, B′′, f ′′) (X, Y, g)

(h,k)

(h′,k′) (x′,y′)

(x′′,y′′)

First notice that since (x′, y′) and (x′′, y′′) are arrows of (F ↓ G) then

g · Fx′ = Gy′ · f ′ (3)

g · Fx′′ = Gy′′ · f ′′ (4)

Second, since the square is commutative, then we have the following
two commutative diagram in A and B thanks to the universal property
of PA and PB:

A A′ B B′

PA PB

A′′ X A′′ Y

h

h′

p1

x′

k

k′

q1

y′

∃!uA ∃!uB
p2

x′′

q2

y′′

(5)

Now, we claim that the following diagram is commutative:

(A,B, f) (A′, B′, f ′)

(PA, PB, u)

(A′′, B′′, f ′′) (X, Y, g)

(p1,q1)

(x′,y′)

(ua,ub)
(p2,q2)

(x′′,y′′)

(6)

If (uA, uB) is an arrow of (F ↓ G) then we are done, since the square
is commutative as a direct consequence of the commutativity of (5).
Then we claim (uA, uB) to be an actual arrow of (F ↓ G), i.e. we claim
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that the following diagram is commutative:

P ′
A GPB

FX GY

u

FuA GuB

g

(7)

We will prove commutativity using that P ′
A is a pushout in C. Indeed,

consider the following diagram:

FA

FA′ FA′′

P ′
A GPB

FX GY

Fh′ Fh′′

Fp1

Fx′

Fp2

gFx′′

u

FuA ∃!v GuB

g

Then using (3) and (4) we can show that the external square is com-
muative:

gFx′′Fh′′ = Gy′′f ′′Fh′ = Gy′′Gk′f = Gy′Gkf

gFx′Fh = Gy′f ′Fh = Gy′Gkf

Thus, by P ′
A beeing pushout in C there exists an unique v : P ′

A →
GY such that vFp1 = gFx′ and vFp2 = gFx′′. Now , consider
gFuA, GuBu : P ′

A → GY , notice that:

gFuAFp1 = gFx′

gFuBFp2 = gFx′′

GuBuFp1 = GuBGq1f
′ = Gy′f ′ = gFx′

GuBuFp2 = GuBGq2f
′′ = Gy′′f ′′ = gFx′′

So by uniqueness of v we get gFuA = GuBu and so, since the square (7)
is commutative, then (uA, uB) is an arrow of (F ↓ G) and the diagram
(6) is commutative.
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• uniqueness: the uniquness of (uA, uB) comes almost for free: indee if
there was antoher arrow (l,m) satisfyng commutativity in (6), then,
by universal property of pushouts l = uA in A and m = uB in B.
Therefore we would have (l,m) = (uA, uB)

Thus (PA, PB, u) is the desired pushout and (F ↓ G) having initial object
and pushouts is indeed finitely cocomplete.
The forgetfoul functors are cocontinous: the cocontinuity of Π1,Π2

arises immediatly from the structure of intial object and pushouts of (F ↓ G).
Indeed take the inital object of (F ↓ G), (0A, 0B, in); then Π1((0A, 0B, in)) =
0A and Π2((0 A, 0 B, in)) = 0B are respectively the initial object of A and
B. Since the same happens for the pushouts of (F ↓ G) then both Π1 and
Π2 preserves finite colimits.
Now, let’s move on to the finitely complete case; so suppose that both A and
B are finitely complete and that G is finitely continous. The structure of the
proof is completely analogue 2 and so we will omit some details.
Terminal Objects: following the structure of the cocomplete proof we
claim (1A, 1B, un), where un : F (1A) → 1C = G(1B) is the unique morphism
granted by G(1B) be terminal in C, to be the terminal object in (F ↓ G)

• existence: let (A,B, f) be an object of (F ↓ G); then there exists
two unique morphisms unA, unB respectively in A and B such that
unA : A→ 1A and unB : B → 1B. Thus we have a candidate morphism
(unA, unB). In order to check that this morphism is a morphism of
(F ↓ G) we need to show that the following diagram is commutative:

F1A G1B = 1C

FA GB

un

FunA GunB

f

The diagram above is trivially commutative since G1B = 1C is terminal
in C

• uniqueness: the uniquness is directly inherited by uniness of unA and
unB in A and B

2Notice that we can also argue that, beeing (F ↓ G)op ∼= (F op ↓ Gop), the complete
case comes for free from the cocomplete case
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Pullbacks: As for the pushouts we claim the pullback of the following dia-
gram:

(A,B, f)

(A′, B′, f) (A′′, B′′, f ′′)

(h,k)

(h′,k′)

to be (PA, PB, u) with projections (p1, q1) : (PA, PB, u) → (A,B, f) and
(p2, q2) : (PA, PB, u) → (A′, B′, f ′) where (PA, p1, p2) and (PB, q1, q2) are pull-
backs in A and B (Remember that GPB = P ′

B is a pullback in C as was for
FPA in the cocomplete case). u : FPA → P ′

B arises from the universal
property of P ′

B as shown in the following diagram (whose commutativity is
ensured by arrow condition in (F ↓ G) plus pullbacks condition of (PA, q1, q2)
in A):

PA

P ′
B GB

GB′ GB′′

∃!u fFp1

f ′Fp2

Gq1

Gq2 Gk

Gk′

From the commutativity of this diagram we deduce that (qi, pi) are actuall
arrows of (F ↓ G), indeed:

Gq2u = f ′Fp2 (8)

Gq1u = fFp1 (9)

Now, we cheeck that the universal propery holds
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• Existence: assume the external square to be commutative:

(X, Y, g)

(PA, PB, u) (A,B, f)

(A′, B′, f ′) (A′′, B′′, f ′′)

(x,y)

(x′,y′)

(p1,q1)

(p2,q2) (h,k)

(h′,k′)

(10)

Then we can use universal property of PA and PB in A and B:

X Y

PA A PB B

A′ A′′ B′ B′′

∃!uA

x

x′

∃!uB

y

y′

h k

h′ k′

(11)
Now, consider the couple (uA, uB); by commutativity of (11) if (uA, uB) :
(X, Y, g) → (PA, PB, u) is an actual arrow of (F ↓ G) then it complete
the diagram (10) to a commutative diagram.
We procede as in the case of pushouts; consider the following square:

FX GY

FPA GuB ∼= P ′
B GB

FA′ GB′ GB′′

g

∃!v

Fx′

Gy

u Gq1

Gq2 Gk

f ′ Gk′

Since (x′, y′) and (x, y) are arrows of (F ↓ G), the square (10) is commu-
tative and using the definition of (pi, qi) we can show that the external
square commutes, indeed:

Gk′f ′Fx′ = Gk′Gy′g = GkGyg (12)
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Thus, since P ′
B is the pullback of GB

Gk−→ GB′′ and GB′ Gk′−−→ GB′′ there
exists an unique v : FX → P ′

B such Gq1v = Gyg and Gq2v = f ′Fx′.
Now, consider uFuA, GuBg : FX → P ′

B and notice that:

Gq1uFuA = fFp1FuA = fFx = Gyg

Gq2uFuA = fFp2FuA = f ′Fp2FuA = f ′Fx′

Gq1GuBg = Gyg

Gq2GuBg = Gy′g = f ′Fx′

Thus by uniqueness of v : FX → P ′
B then uFuA = GuBf and so

(uA, uB) : (X,Y, g) → (PA, PB, u) is an arrow of (F ↓ G) and complete
the diagram (10) to a commutative diagram

• uniqueness: uniqueness of uA and uB in A and B yields to uniqueness
of (uA, uB) in (F ↓ G)

Forgetful functors are continous: the proof is analogue to the cocom-
plete case, since both Π1,Π2 preserves terminal object and pullbacks.
We proved that under the assumption of A and B beeing cocomplete and
F beeing cocontinous the comma category (F ↓ G) is cocomplete and that
Πi is cocontinous; morevoer we proved the dual result with complteness as-
sumption, therefore the statement is proved and we are done.

Definition 0.2.4 (Freyd Cover). Let C be a small category (serve veramente
sia piccola?) with a terminal odject 1, then we call its Freyd Cover, Cov(C),
the comma category Id ↓ C(1, -) where Id : Set→ Set is the identical functor

Definition 0.2.5 (Projection Functor of Freyd Cover). Recall that there are
two canonical functors Π1,Π2 associated with a comma category. Let C be a
category with terminal object and let Cov(C) be its Frey Cover. We call the
functor Π2 : Cov(C) → C the projection functor of the Freyd Cover.

Theorem 0.2.6. Let C be a bicartesian category - i.e. a category with
terminal object, initial object and binary products and coproducs - then
Cov(C) is bicartesian. Moreover Π2 : Cov(C) → C is a cartesian closed
functor

Proof. The proof follows a similar structure to the proof of 0.2.3, so we will
construct initial and terminal objects, binary products and copruducts and
then we will prove that Π2 is closed with respect to this constructions.
Initial and Terminal Object: the initial object of Cov(C) is (0Set, 0C, in)
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and the terminal object is (1Set, 1C, un). The construction is the same of the
construction in 0.2.3 and therefore the proof is ommitted
Binary Products: Recall that C(1C,−) : C → Set is a continous functor
- i.e. preserves limits - and so in particular it preserves binary products.
Therefore if A,B are objects of C we have a set isomorphism σ:

C(1C, A)× C(1C, B) C(1C, A×B)

(h, k) < h, k >: 1C → A×B

Now, let (X,A, f), (Y,B, g) be two object of Cov(C); we claim their product
to be (X × Y,A×B, σ ◦ (f × g)) where σ ◦ (f × f) arises from the following
produt diagram in Set:

X C(1C, A)

X × Y C(1C, A)× C(1C, A) C(1C, A×B)

Y C(1C, B)

f

πX

∃!<fπx,gπy>:=f×g

πY

π1

σ

π2

g

and we claim the projections of (X × Y,A×B, σ ◦ (f × g)) to be (πX , πA) :
(X × Y,A × B, σ ◦ (f × g)) → (X,A, f) and (πY , πB) : (X × Y,A × B, σ ◦
(f × g)) → (Y,B, f).
We start by checking that our candidate projections are arrows of Cov(C) and
then we will check that the universal property holds. In order to check that
our projection are actual arrows we shall prove that C(1C, πA)σ(f×g) = fπX
and that C(1C, πB)σ(f ×g) = πBg but this two identities follow directly from
the fact that C(1C,−) preserves products and that products are unique up to
ismorphism, thus π1 = C( C,−)πA and π2 = C( C,−)πB and so the indentity
are trivial. Let’s move on to the universal property.

• existence: let consider the following situation:

(X × Y,A×B, σ(f × g))

(X,A, f) (Z,C, h) (Y,B, g)

(πX ,πA) (πY ,πB)

(l,m) (l′,m′)

(13)
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then, since X × Y and A×B are product rispectively in Set and C we
have the following commutative diagrams:

X × Y A×B

X Z Y A C B

πX πY πA πB∃!l̄

l l′

∃!m̄

m m′

Thus consider the couple (l̄, m̄); if it is a morphism of Cov(C) then it
completes the diagram (13) to a commutative diagram. Now, consider
the following diagram:

Z C(1C, C)

Y X × Y C(1C, A×B)

C(1C, B) C(1C, A)× C(1C, B) C(1C, A)

h

l′
l̄ C(1C ,m̄)

C(1C ,m)

g

f×g σ−1σ ∼=

π2 π1

Since π1σ
−1C(1C, m̄)h = C(1C,m)h = π1(f × g)l̄ and π2σ

−1C(1C, m̄)h =
gl′ = π2(f × g)l̄ then by the universal property of binary product
σ−1C(1C, m̄)h = σ−1σ(f × g)l̄ hence σ(f × g)l̄ = C(1C, m̄)h thus (l̄, m̄)
is an arrow of Cov(C) and complete the diagram (13) to a commutative
diagram

• Uniqueness: uniqueness of (l̄, m̄) is directly inherited by uniqueness of
l̄ and m̄ in A and B

Binary Coproducts: Let (X,A, f) and (Y,B, g) be two objects of Cov(C),
then we claim their coprduct to be (X ⊕ Y,A ⊕ B, f ⊕ g) with injections
(ιX , ιA) and (ιY , ιB) where f ⊕ g arises from:

X C(1C, A)

X ⊕ Y C(1C, A⊕B)

Y C(1C, B)

f

ιX (ι1)C

∃!f⊕g

ιY

g

(ι2)C

The proof is dual to the proof of binary product and so we omit the calcula-
tions.
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Projection is cartesian closed: the proof of Π2 beeing cartesian closed
functor is identical to the proof of Π1 beeing continous in 0.2.3

Remark 0.2.7. Notice that this theorem can be generalized for arbitrary
comma categories with appropriate assumptions. In fact the construction
process of products and coproduct of this proof can be generalized with the
same approach we used in the proof of 0.2.3.

Theorem 0.2.8. Let H be an Heyting Algebra - i.e. an ordered bicartesian
category which is also cartesian closed - then Cov(H) is also bicartesian
closed. Morover the projection Π2 : Cov(H) → H is bicartesian closed.

Proof. By 0.2.6 we know that Cov(H) is bicartesian and that Π2 is cartesian
closed. So we need only to prove the existence of function spaces.
Let (X, a, f) and (Y, b, g) be objects of Cov(C). We expect the exponen-
tial (Y, b, g)(X,a,f) to be something similar to (Y X , a → b, ξ) where Y X =
Set(X, Y ) is the function space in Set, a → b is the heyting implication
in H and ξ is a function somehow defined using that beeing H an ordered
category if a → b in nonempty the in terminal in Set. This intuition is
almost correct, but there is a problem: in order to make (Y X , a → b, ξ) an
object of H we need ξ : Y X → H(1H, a → b) to be a Set-morphism which
is not possible if 1H ≰H a → b and Y X ̸= ∅. Thus we claim (Y, b, g)(X,a,f)

to be ((Y X)a≤b, a → b, ξ) where (Y X)a≤b is Set(X, Y ) if a ≤H b - and so
H(1H, a→ b) ̸= ∅ - and to be empty otherwise:

(Y X)a≤b := {h ∈ Y X |∀x ∈ X(f(x) ∈ H(1H, a) =⇒ g(h(x)) ∈ H(1H, b))}

with evaluation given by: (EvSet, EvH) : ((Y X)a≤b, a → b, ξ) → (Y, b, g)
where EvSet : (Y

X)a≤b ×X → Y is the restriction of usual evaluation mor-
phism in Set and EvH = a→ b∧a ≤ b is the counit of the adjunction of expo-
nential functor in H. Now, let (u, c∧ a ≤ b) : (Z, c, h)× (X, a, f) → (Y, b, g),
we claim its abstraction to be:

(û, c ≤ a→ b) : (Z, c, h) → ((Y X)a≤b, a→ b, ξ)

This couple is clearly an arrow of Cov(C)3. We claim that, if the abstraction

3the arrow condition is forced since if every definition is coherent than the commu-
tativity of the arrow condition square follows from H(1H, a → b) be either termial or
empty
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is well defined, then the following diagram is commutative:

(X, a, f)× (Z, c, h)

((Y X)a≤b, a→ b, ξ) (Y )

(û,c≤a→b)
(u,c∧a≤b)

(EvSet,EvH)

(14)

Now, commutativity at the level of Set is ensured by universal property of
Y X in Set plus the coerence condition of (Y X)a≤b with respect to a → b.
Now, in H we have that c ∧ a ≤ b we have that c ∧ a ≤ b ⇐⇒ c ≤ a → b
so we have commutativity at the level of H. It remains to check the well
definition of the abstraction: let Z ̸= ∅, then h(m) ∈ H(1H, c) for m ∈ Z,
hence 1H ≤ c and so, since c ∧ a ≤ b, then a ≤ b and so û(m) ∈ (Y X)a≤b
wihch ensure well definition of abstraction arrows. Notice that uniqueness
of abstraction follows directly form uniqueness of abstractions in Set and H.
Thus Cov(H) is a bicartesian cloed category.
Concerning Π2, the proof is identical to 0.2.3 since the H level of the expo-
nential object is the exponential object in H and so Π2 is a bicartesian closed
functor and we are done.

Definition 0.2.9. Let H be an Heyting Algebra, then we call its Feryd cover
the Frey-Heyting cover of H

Definition 0.2.10. We say that biCC is the category with objects bicarte-
sian closed categories and morphisms functors preserving the bicartesian
structure up to isomorphism

Definition 0.2.11 (Global Set Functor). Let C be a locally small category
with terminal object 1C. We define the global set functor as:

C Set

A Γ(A) = C(1C, A)

B Γ(B) = C(1C, B)

Γ(−)

Γ(−)

Γ(f)=C(1C ,f)

Lemma 0.2.12. Let C be a category in biCC, then its freyd cover Cov(C)
is again in biCC
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Proof. We want to generalize contstruction in 0.2 for arbitrary bicartesian
closed category. We mimic the construction in [1]. Let C be a bicartesian
closed category and let (X,A, f) and (Y,B, g), we want to construct the ex-
ponential object (Y,B, g)(X,A,g). As in 0.2 we expect the exponential to mimic
(Y X , BC , h) where h : Y X → Γ(BC); however we know that (Y X) cannot be
the rigth Set-component of the exponential. morevoer the constuction of h
in this situation is slithely more complex. Let’s begin by noticing that the
global set functor is a product preserving functor and that, since C is CC, in
C there is the exponential object BA with evaluation evC : BA×B → A. We
can form the composition :

u : Γ(A)× Γ(BA)
∼=−→ Γ(A×BA)

Γ(evC)−−−→ Γ(B) (15)

Now, we take the abstraction of u in Set, û : Γ(A) → Γ(B)Γ(A). Consider
now the following pullback diagram:

H Y X

Γ(BA) Γ(B)X

Γ(B)Γ(A)

p2

p1

⌟

gX

û (Γ(B))f

Where (Γ(D))f : Γ(B)Γ(A) → Γ(D)X is defined by µ → µ ◦ f and gX :
Y X → Γ(B) is defined by ω → g ◦ ω. We claim (H,BA, h := p1) to be
the exponenetial object (X,A, f)(Y,B,g). We will prove this by checking that,
provided E = (Z,E, k), we have a natural ismoporphism Cov(C)(E×A,B) ∼=
Cov(C)(E,BA)4.
Construction of Φ : Cov(C)(E×A,B) → Cov(C)(E,BA): let (ψSet, ψC)
in Cov(C)(E × A,B) then, ψSet : Z × X → Y and ψC : E × A → B.
Thus, using that Set and C are cartesian closed, we can take the abstractions

4here we make an abuse of notation setting A := (X,A, f), B := (Y,B, g)
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ψ̂Set : Z → Y X and ψ̂C : E → BA. Now, consider the following diagram:

Z

H Y X

Γ(E)

Γ(BA) Γ(D)X

∃!ϕSet

ψ̂Set

k
p2

p1

⌟

gX

Γ(ψ̂C)

Γ(D)f◦û

we can check that the external square commutes using unicity of abstraction;
so whe check that:

EvSet ◦ (gX ◦ ψ̂Set × idX) = EvSet ◦
(
(ΓB)f ◦ û ◦ Γ(ψ̂C) ◦ k × idX

)
(16)

Indeed:

EvSet ◦ (gX ◦ ψ̂Set × idX) = EvSet ◦ (gX × idX) ◦ (ψ̂Set × idX) = gψSet

The last equality can be seen using explicit definition of gX ; whe have that
any l : z → Y X , g(l) : z → g(l(z)) ∈ Γ(B)X and so EvSev(g

X × idX) sends
(l, x) to g(l(x)). Also g ◦EvSet sends (l, x) to g(l(x)) and thus EvSet ◦ (gX ×
idX) = g ◦ EvSet and so the equality is justified. Let’s move on to the right
side of the equation:
Let ψ2 := Γ(ψ̂C) and t := û ◦ ψ : Z → ΓBΓA. Then the function ΓBf ◦ t
assign to each z ∈ Z the function t(z) ◦ f : X → ΓB. Thus the evaluation is
comutet as follows:

EvSet(ΓB
f t(z), x) = (t(z) ◦ f)(x) = (t(z)f)(x)

this yields to:

EvSet((ΓB
f ◦ t)× idX) = EvSet ◦ (t× f) : Z ×X → ΓB

Thus substituting t we obtain:

EvSet ◦
(
(ΓB)f ◦ û ◦ Γ(ψ̂C) ◦ k × idX

)
= EvSet ◦ ((û ◦ ψ2)× f) =

= EvSet ◦ (û× idΓA) ◦ (ψ2 × f)

Now, recalling that û is the abstraction of Γ(EvC) ◦ θ : ΓA × Γ(BA) → ΓB
where θ : ΓA× Γ(BA) → Γ(A× BA) is the canonical isomorphism provided
by the fact that the global set functor preserves products we have:

EvSet ◦ (û× idΓA) = ΓEvSet ◦ θ
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Therefore:

EvSet ◦ (û× idΓA) ◦ (ψ2 × f) = Γ(EvSet) ◦ θ ◦ (ψ2 × f)

Now, expliciting the definition of θ we get :

EvSet ◦ ((ΓBf ◦ û ◦ ψ2)× idX) = Γ(ψC) ◦ (k × f)

Now, the arrow condition on (ψSet, ψC) proves the equation 16, therefore by
the universal property of H there exists a unuque ϕSet : Z → H that makes
the pullback diagram commutative. Notice that the universal property of
pullbacks ensure us that (ϕSet, ψ̂C) is an element of Cov(C)(E,BA). Morover,
this construction is unique, hence we have defined a function Φ1 : Cov(C)(E×
A,B) → Cov(C)(E,BA) sending (ψSet, ψC) to (ϕSet, ψ̂C).
Contrution of Ψ : Cov(C)(E,BA) → Cov(C)(E×A,B): let (ψSet, ψC) in
Cov(C)(E,BA), then the idea is to performe and ”inverse construction” with
respect to Φ. Let’s begin with the Set-component.
We have ψSet : Z → H, thus we define ϕ1 := p1 ◦ ψSet and ϕ2 := p2 ◦ ψSet.
Now, we use the exponential structure of Set to define

ψ̄Set := EvSet ◦ (ϕ1 × idX) : Z ×X → Y

Now, we mimic this construction in C setting

ψ̄C := EvC ◦ (ψC × idA) : E × A→ B

We claim that (ψ̄Set, ψ̄C) is an arrow of Cov(C) i.e that

gψ̄Set = Γψ̄C(k × f) : Z ×X → ΓB (17)

Now, we begin unfolding the left side of the equation5:

gψ̄Set = g ◦ EvSet ◦ (ϕ1 × idX) = EvSet ◦ (gX × idX) ◦ (ϕ1 × idX)

= EvSet ◦ ((gX ◦ ϕ1)× idX)

Now, by definition ϕ1:

gX ◦ ϕ1 = (ΓB)f ◦ û ◦ ψ2

hence:

gψ̄Set = EvSet ◦ ((ΓBf ◦ û ◦ ΓψC ◦ k)× idX)

5we use some identities derived in the last step
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Now, with same argument used in 16

EvSet ◦ ((ΓBf ◦ û ◦ ΓψC ◦ k)× idX) = EvSet ◦ ((û ◦ ΓψC ◦ k)× f)

hence substituting:

gψ̄Set = EvSet ◦ (u× idΓA) ◦ (ΓψC ◦ k, f)

Now, recalling the definition of û and expliciting the canonical isomorphism
θ we get:

g ◦ ψ̄Set = Γ(EvSet) ◦ θ ◦ (ΓψCk, f)

= Γψ̄C ◦ (k, f)

Thus, since the universal property of exponentials and pullbacks grant us
the unicity of (ψ̂Set, ψ̂C) then we have succesfully constructed a morhpism
Ψ : Cov(C)(E,BA) → Cov(C)(E × A,B).
Φ and Ψ gives a natural isomorphism: this follows easily by construc-
tion. In fact evaulation and abstractions are inverse to each other and, since
we are working in Set with the two ”projections” of set component the uni-
versal property of pullbacks grants us that our functions are inverse each
other. Moreover our construction uses only mapping derived from natural
isomorphisms - e.g. natural isomorphism of exponential objects in Set and
C and natural ismophism of pullbacks in Set. Therefore our assignment is
natural.
We proved that there is a natural isomorphism:

Cov(C)(E × A,B) ∼= Cov(C)(E,BA)

And so the, since the functor (−)A is right adjoint to (−)×A, then our can-
didate (H,BA, h) is indeed the exponential objet. Thus Cov(C) is cartesian
closed and we are done. (AGGIUNGERE CONTI)

Remark 0.2.13. Notice that the exponential construction in 0.2.12 agrees
with exponential construction in 0.2 if C is an ordered catgory

Proposition 0.2.14. The Freyd Cover of a bicartesian closed category ex-
tend to an endofunctor

biCC biCC

A Cov(A)

B Cov(B)

Cov(−)

F Cov(F )
Cov(−)
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where:

Cov(A) Cov(B)

(X,A, f) (X,FA, F · f)

(Y,B, g) (Y, FB, F · g)

Cov(F )

(h,k) (h,Fk)

where F · f : X → Γ(FA) is the set function defined sending x ∈ X into the
global setion of FA given by F (f(x)) : 1B → FA

Proof. By lemma 0.2.12 Cov(−) exentend to a class function from biCC to
itself. Then notice that the action of Cov(−) over arrows of biCC is well
defined since the commutativity condition of the arrow is preserved under
the action of F . Indeed by definition of F · f and F · g we have:

(F · g) ◦ h = F (Γk) ◦ (F · f)
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