Tesi

saladinoflavio

March 2026






Chapter O

Introduction



CHAPTER 0. INTRODUCTION



Chapter 1

Freyd Cover

1.1 Freyd cover of a category

Definition 1.1.1 (Comma Category). Let A, B,C locally small categories
and let F: A — C,G : B — C two functors

A s C < B

Then we call comma category of F and G !, (F | G), the category with:

e Objects: an object is a triple (A, B, f) where f : F(A) — F(B) is a
C-morhpism

e Arrows: a morphism from (A, B, f) to (A’, B, f') is a pair (h, k) of an

A-morphism h : A — A" and a B-morphism k : B — B’ such that the
following diagram is commutative :

F(A) ——— G(B)

F(h) G(k)

Remark 1.1.2. Notice that there are two canonical forgetful functors defined
over the comma category:

lthe name ”comma category” arises from the notation (F,G) used by Lawvere

5
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e afunctorII; : (F' ] G) — A that forget the comma structure preserving
the ” A-structure” defined as:

(FI1G) —2— A

(A, B, f) A
(hk)| +——  |h
(A", B, ) A
e a functor Ily : (F' | G) — B (preserving the ” B-structure”) defined as:

Frle)— B

(A, B, f) B
(h,k) _— k
(14/7 B/, f/) B/

Theorem 1.1.3. Let A and B be two finitely cocomplete categories and let
F: A—C, B— Ctwo functors. If F'is a cocontinous functor - i.e. preserves
small colimits - then the comma category (F | G) is finitely cocomplete;
morover the forgetful functors are cocontinous.

Analogously if A and B are finitely complete categories and G : A — C is
continous - i.e. preserves small limits - then (F' | G) is finitely complete and
both forgetfoul functors are continous.

Proof. Let’s begin by proving the cocomplete case. We will start from co-
completeness of the category and then we will move on to che cocontinuity
of the forgetful functors. Recall that a a category is finitely cocomplete if
and only if it admits initial object and pushouts; we will construct explicitely
both objects:

Initial Object: We will construct the initial object of (F, | G) by using the
cocompletens of A and B: indeed, let 04 be the initial object of A and 0p
the initial object of B. Now, since F' is a cocontinous functor F(04) = O¢
where O¢ is in C; thus there is a unique morphism in : F(04) = 0c — G(0p)
in C. Now, we claim (04, 0g,in) to be initial in (F' | G):
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e cxistence: let (A4, B, f) be an object of (F' | G); then there exists two
unique morphisms in4,ing respectively in A and B such that in, :
04 — A and ing : 0 — B. Thus we have a candidate morphism
(ina,ing). In order to check that this morphism is a morphism of
(F' | G) we need to show that the following diagram is commutative:

F(OA) = 0¢ T) GOB
Fina Ginp
f
FA » GB

The diagram above is trivially commutative: since O¢ is intial in C
both fo Finy : 0¢c — GB and Ging oin : 0¢ — GB must be equal to
inag : 0c — GB. Thus

(04,0, in) 225 (A, B, f)

is a morphism in (F' | G)

e uniqueness: let (04,05,in) % (A, B, f) two arrows in (F | G);

then since 04, 0g are initial, then h = in4 and k = inpg; hence (h, k) =
(ina,ing) and so (in4,ing) is unique

Thus (F' | G) admits initial object
Pushouts: As for the case above let construct the pushouts in (F | G)

by using pushout provided by cocompleteness of A, B. Take the following
scenario in (F' | G)

(A7B7f) T} (A,7B17f/>

(b &) (1.1)

(A// B// f//)
then we can form two pushouts in A and B:

A—Fp A B—— B

h' D1 k' q1
r r

p q
AN — 2 Py AT — 2 Pp
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Now, follwoing the same idea of initial object we may expect the pushout
in (F | G) to be (Pa, Pg,u) for some u : F(Psy) - G(Pg). Now, we need
to construct a candidate for u. Firs of all, since F' preserves finite colimits,
F(P4) = P) is the pushout of Fh: FA — FA" and FI' : FA — FA" in C
(wiht projection my : FA" — P}, my: FA” — P/ equal to F'p; and Fps up to
isomorphism). Then we have the following diagram:

FA Fh s FA

W P;,/
N

FA” » GPp

Fqaof”

F Fqiof! (12)

The external square is commutative since Fig; o f'o Fh = Fg 0 Fko f =
FgoFk of = Fgeo f"oFh' (we used arrow condition of (F' | G) plus the fact
that image under functor of commutative diagrams are indeed commutative).
Thus there exists a unique u : P}, — GPp such uo Fpy, = Fgy o f” and
uo Fpy = Fpiof'. Now, we claim (P4, Pg,u) to be the pushout of (1.1) with
projections (p1,q1) : (A", B, f') — (Pa, Pg,u) and (pa, q2) : (A", B", f") —
(PA, PB; u)

(h.k)

(4, B, f) (A, B, f)

(h'K") (p1,91)

(141/7 B/l7 fl/) W (PA, PB,U)

Now, we shall prove that the projections are actually arrows of (F' | G)
and that the universal property holds.
We begin proving that the projections are actually arrow, i.e. that the fol-
lowing diagrams are commutative:

ra — 1 ap ran — 1" apr

Fpy Gq Fp2 Gq2

P, ——— 5GPy P, ———— GPy



1.1. FREYD COVER OF A CATEGORY 9

Both diagrams are commutative as consequence of the diagram (1.2); hence
projections are indeed arrows in (F' | G).
Now we prove that the universal propery holds:

e existence: assume the following diagram is commutative

(A, B, f) — " B

(W' k') (z'y")

(A”7B//,f”> - (X7}/;g)

(x//7/y//)
First notice that since (2/,y’) and (2”,y"”) are arrows of (F' | G) then

g-Fx' =Gy - f (1.3)
g-Fa' =Gy - " (1.4)

Second, since the square is commutative, then we have the following
two commutative diagram in A and B thanks to the universal property

of P, and Pg:
A h s A B K s B’
> >
hl PA CE/ k‘l PB y/ (1.5)
V \HIuA V \HIuB
~ N
X

A// N " N Y

x// y

Now, we claim that the following diagram is commutative:

(4, B, f) » (A B f)

(my

(Pa, Pp,u) (@) (1.6)

-
(p2,92) (vt )
~

(141/7 B/l’ f//) N <X7Kg)

(:E”,y”)

If (ua,up) is an arrow of (F' | G) then we are done, since the square
is commutative as a direct consequence of the commutativity of (1.5).
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Then we claim (u4,up) to be an actual arrow of (F' | G), i.e. we claim
that the following diagram is commutative:

P, —" 4 GPg

F’U,A GUB (17>

FX ———— GY

We will prove commutativity using that P is a pushout in C. Indeed,
consider the following diagram:

FA
% m
FA
\Fpl‘ /
P, u » GP.

FA//

7 B
Fzx’ \ gFz"
Fuz v \ Gup
FX > GY

g

Then using (1.3) and (1.4) we can show that the external square is
commuative:

ng//Fh/I — Gy//f//Fh/ — Gy//Gk/f — G@/’ka
gFx'Fh =Gy f'Fh = Gy'Gk f
Thus, by P} beeing pushout in C there exists an unique v : P}, —
GY such that vFp; = gF2’ and vFp; = gFz”. Now , consider
gFua, Gugu : Py, — GY, notice that:
gFusFp, = gFa’
gFupFp; = gFx"
GupuFp, = GupGq, f' = Gy f' = gF2’
GupuFpy, = GupGqof' = Gy f" = gFz"

So by uniqueness of v we get gF'uys = Gugu and so, since the square
(1.7) is commutative, then (u4,up) is an arrow of (F | G) and the
diagram (1.6) is commutative.
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e uniqueness: the uniquness of (ua,up) comes almost for free: indee if
there was antoher arrow (I, m) satisfyng commutativity in (1.6), then,
by universal property of pushouts | = uy in A and m = up in B.
Therefore we would have (I,m) = (ua,up)

Thus (P4, Pp,u) is the desired pushout and (F' | G) having initial object
and pushouts is indeed finitely cocomplete.

The forgetfoul functors are cocontinous: the cocontinuity of IIy, Il
arises immediatly from the structure of intial object and pushouts of (F' | G).
Indeed take the inital object of (F' | G), (04,0p,in); then I1,((04,0p,in)) =
04 and II5((0_A,0_B,in)) = 0p are respectively the initial object of A and
B. Since the same happens for the pushouts of (F' | G) then both II; and
I, preserves finite colimits.

Now, let’s move on to the finitely complete case; so suppose that both A and
B are finitely complete and that G is finitely continous. The structure of the
proof is completely analogue 2 and so we will omit some details.

Terminal Objects: following the structure of the cocomplete proof we
claim (14, 15, un), where un : F(14) — 1l¢ = G(1g) is the unique morphism
granted by G(1g) be terminal in C, to be the terminal object in (F' | G)

e cxistence: let (A, B, f) be an object of (F | G); then there exists
two unique morphisms uny4,unpg respectively in A and B such that
uny : A — 14 and ung : B — 1. Thus we have a candidate morphism
(una,ung). In order to check that this morphism is a morphism of
(F | G) we need to show that the following diagram is commutative:

FlA —an Gllg =1c
Funa Gunp
f
FA » GB

The diagram above is trivially commutative since G1z = 1¢ is terminal
in C

e uniqueness: the uniquness is directly inherited by uniness of un4 and
ung in A and B

2Notice that we can also argue that, beeing (F | G)°P = (F°P | G°P), the complete
case comes for free from the cocomplete case
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Pullbacks: As for the pushouts we claim the pullback of the following dia-
gram:

(A7 B?f)

(h.k)

(A/’ B/’ f) (hl’kl) (A//’ B/l7 f//)

to be (Pa, Pp,u) with projections (p1,q1) : (Pa, Pg,u) — (A, B, f) and
(P2, q2) : (Pa, Pp,u) — (A, B', ') where (Pa, p1, p2) and (Pg, g1, ¢2) are pull-
backs in A and B (Remember that GPg = Pj is a pullback in C as was for
FP4 in the cocomplete case). u : FP4 — Pp arises from the universal
property of Pj as shown in the following diagram (whose commutativity is
ensured by arrow condition in (F' | G) plus pullbacks condition of (Pa, g1, g2)

in A):

Py
\H!u fFp1
~
/
-
Py ———— GB
f'Fp2
Gao Gk
G — S, ap"

From the commutativity of this diagram we deduce that (g;, p;) are actuall
arrows of (F' | G), indeed:

GQQU = f/Fpg (18)
Gqu= fFp (1.9)

Now, we cheeck that the universal propery holds
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e Existence: assume the external square to be commutative:

(X,Y,9) w

(PAvaau) % (A7B7f)

(p2,g2) (h.k) (1.10)

/ / / (h/’k,) n /A "
(AaBaf) — (A 7B 7f)

Then we can use universal property of P, and Py in A and B:

X Y
N N

PA—>A PB > B

A/ A// B/ B//
% K
(1.11)
Now, consider the couple (u4, up); by commutativity of (1.11) if (ua, upg) :
(X,Y,9) — (Pa, Pp,u) is an actual arrow of (F' | G) then it complete
the diagram (1.10) to a commutative diagram.
We procede as in the case of pushouts; consider the following square:

FX—>GY

N

Fa' FPATGUBQP,G—tH)GB

oo " o

FA T) GB’ T) GB"
Since (2',y') and (x,y) are arrows of (F' | G), the square (1.10) is
commutative and using the definition of (p;, ¢;) we can show that the
external square commutes, indeed:

Gk f'Fa' = GE'Gy' g = GkGyg (1.12)
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Thus, since P4 is the pullback of GB <% GB” and GB' 2% GB” there
exists an unique v : X — Pj such Ggiv = Gyg and Ggov = f'Fa’.
Now, consider uFua, Gugg : FX — Pj and notice that:

GqpuFus = fFp1Fus = fFr = Gyg
GguFuy = fFpsFus = f'FpsFuy = f'Fa!
GqGupg = Gyg

GaoGupg = Gy'g = f'Fa’

Thus by uniqueness of v : FX — Pj then uFuy = Gugf and so
(ua,up) : (X,Y,g) = (Pa, Pg,u) is an arrow of (F' | GG) and complete
the diagram (1.10) to a commutative diagram

e uniqueness: uniqueness of us and ug in A and B yields to uniqueness

of (ua,ug) in (F | G)

Forgetful functors are continous: the proof is analogue to the cocom-
plete case, since both Iy, Il; preserves terminal object and pullbacks.

We proved that under the assumption of A and B beeing cocomplete and
F beeing cocontinous the comma category (F' | G) is cocomplete and that
II; is cocontinous; morevoer we proved the dual result with complteness as-
sumption, therefore the statement is proved and we are done. O

Definition 1.1.4 (Freyd Cover). Let C be a small category (serve veramente
sia piccola?) with a terminal odject 1, then we call its Freyd Cover, Cov(C),
the comma category Id | C(1,-) where Id : Set — Set is the identical functor

Definition 1.1.5 (Projection Functor of Freyd Cover). Recall that there are
two canonical functors II;, I1; associated with a comma category. Let C be a
category with terminal object and let C'ov(C) be its Frey Cover. We call the
functor II, : Cov(C) — C the projection functor of the Freyd Cover.

Theorem 1.1.6. Let C be a bicartesian category - i.e. a category with
terminal object, initial object and binary products and coproducs - then
Cov(C) is bicartesian. Moreover Iy : Cov(C) — C is a cartesian closed
functor

Proof. The proof follows a similar structure to the proof of 1.1.3, so we will
construct initial and terminal objects, binary products and copruducts and
then we will prove that Iy is closed with respect to this constructions.

Initial and Terminal Object: the initial object of Cov(C) is (Oget, Oc, in)
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and the terminal object is (1s¢, 1, un). The construction is the same of the
construction in 1.1.3 and therefore the proof is ommitted

Binary Products: Recall that C(1¢,—) : C — Set is a continous functor
- i.e. preserves limits - and so in particular it preserves binary products.
Therefore if A, B are objects of C we have a set isomorphism o:

C(lc,A) X C(lc,B) EE—— C(lc,A X B)

(hyk) ——— <hk>1c—>AxB

Now, let (X, A, f), (Y, B, g) be two object of Cov(C); we claim their product
tobe (X XY, Ax B,oo(f xg)) where oo (f x f) arises from the following
produt diagram in Set:

X —15 ¢(1e, A)

S C(le, A) X C(le, A) =2 C(1e, A x B)

Y T> C(]-Ca B)

and we claim the projections of (X XY, A x B,oo (f X g)) to be (7x,ma) :
(X XY, Ax B,ogo(f xg)) = (X,A, f)and (ny,75) : (X XY, AXx B,oo
(f xg) = (Y,B,f).

We start by checking that our candidate projections are arrows of C'ov(C) and
then we will check that the universal property holds. In order to check that
our projection are actual arrows we shall prove that C(1l¢, ma)o(f X g) = frx
and that C(1¢, mp)o(f X g) = mpg but this two identities follow directly from
the fact that C(1¢, —) preserves products and that products are unique up to
ismorphism, thus m; = C(.C, —)m4 and m = C(.C, —)7p and so the indentity
are trivial. Let’s move on to the universal property.

e cxistence: let consider the following situation:
(X xY,Ax B,o(f x g))

(mx,ma) (my75) (1.13)

(X AS) e (LG h) ———— (Y. Bg)
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then, since X x Y and A x B are product rispectively in Set and C we
have the following commutative diagrams:

X xY Ax B

A A
Y T
| |
X < A C s B
l l m’

> Y A —

’

Thus consider the couple (I,7); if it is a morphism of Cov(C) then it
completes the diagram (1.13) to a commutative diagram. Now, consider
the following diagram:

Z h s C(1¢, 0)
/ ll lC(lc,’r?z)
Y X XY —— C(l¢, A x B)

~
\X fxg\ cr(‘: >o_1
C(lc,B) T C(lc,A) X C(lc,B) 7F—1> C(lc,A)

Since m07'C(1¢,m)h = C(le, m)h = 71 (f x g)l and 7o~ 'C(1¢,m)h =
gl' = m(f x g)l then by the universal property of binary product
o~ 1C(1l¢,m)h = o~ o(f x g)l hence o(f x g)l = C(1¢,m)h thus (I,m) is
an arrow of C'ov(C) and complete the diagram (1.13) to a commutative
diagram

e Uniqueness: uniqueness of (I,7m) is directly inherited by uniqueness of

[ and m in A and B

Binary Coproducts: Let (X, A, f) and (Y, B, g) be two objects of Cov(C),
then we claim their coprduct to be (X ®@ Y, A ® B, f @ g) with injections
(tx,ta) and (ty,tp) where f @ g arises from:

X —1 e(1e, 4)

S y C(1e, A® B)

rb\ 4

Y T> C(lc, B)

The proof is dual to the proof of binary product and so we omit the calcula-
tions.
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Projection is cartesian closed: the proof of II; beeing cartesian closed
functor is identical to the proof of II; beeing continous in 1.1.3 [

Remark 1.1.7. Notice that this theorem can be generalized for arbitrary
comma categories with appropriate assumptions. In fact the construction
process of products and coproduct of this proof can be generalized with the
same approach we used in the proof of 1.1.3.

Theorem 1.1.8. Let H be an Heyting Algebra - i.e. an ordered bicartesian
category which is also cartesian closed - then Cov(H) is also bicartesian
closed. Morover the projection Iy : Cov(H) — H is bicartesian closed.

Proof. By 1.1.6 we know that C'ov(H) is bicartesian and that II, is cartesian
closed. So we need only to prove the existence of function spaces.

Let (X, a, f) and (Y,b,g) be objects of Cov(C). We expect the exponen-
tial (Y,b, g)**f) to be something similar to (YX,a — b,£) where YX =
Set(X,Y) is the function space in Set, a — b is the heyting implication
in H and £ is a function somehow defined using that beeing H an ordered
category if a — b in nonempty the in terminal in Set. This intuition is
almost correct, but there is a problem: in order to make (Y, a — b,&) an
object of H we need £ : YX — H(1y,a — b) to be a Set-morphism which
is not possible if 13y €% a — b and Y~ # (). Thus we claim (Y,b, g)Kah)
to be (YX)u<p,a — b,&) where (Y¥),<p is Set(X,Y) if a <y b - and so
H(13,a — b) # () - and to be empty otherwise:

(Y )azp = {h € Y¥|Vz € X(f(2) € H(l,a) = g(h(z)) € H(1x,b))}
with evaluation given by: (Evse, Fvy) @ (YX)a<p,a — 0,6) — (Y, b,9)
where Fvges @ (YX),<p x X — Y is the restriction of usual evaluation mor-
phism in Set and Evy = a — bAa < bis the counit of the adjunction of expo-

nential functor in H. Now, let (u,cAa <b):(Z,c,h)x (X,a,f) = (Y,b,9),
we claim its abstraction to be:

(l&7c <a— b) : (Za C, h) - ((YX)aSbaa — ba 5)

This couple is clearly an arrow of Cov(C)3. We claim that, if the abstraction

3the arrow condition is forced since if every definition is coherent than the commu-
tativity of the arrow condition square follows from H(ly,a — b) be either termial or
empty
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is well defined, then the following diagram is commutative:

(X,a, f) x(Z,c,h)

(G4,c<a—b) (u,cAa<b) (114)

(Y)agp, a = b, ) (Y)

—
(EvSehEU'H)

Now, commutativity at the level of Set is ensured by universal property of
Y* in Set plus the coerence condition of (Y¥),<, with respect to a — b.
Now, in H we have that c Aa < b we have that cNa < b < c<a —b
so we have commutativity at the level of H. It remains to check the well
definition of the abstraction: let Z # 0, then h(m) € H(1y,c) for m € Z,
hence 1 < ¢ and so, since ¢ A a < b, then a < b and so 4(m) € (YX),<p
wihch ensure well definition of abstraction arrows. Notice that uniqueness
of abstraction follows directly form uniqueness of abstractions in Set and H.
Thus Cov(H) is a bicartesian cloed category.

Concerning II, the proof is identical to 1.1.3 since the H level of the expo-
nential object is the exponential object in H and so 115 is a bicartesian closed
functor and we are done. O

Remark 1.1.9 (Structure of Cov(C)(1,A @ B)). Let (u,v):1 > (X &Y,aV
b, f ® g) and consider u : lge; — X @Y. Since the coproudct in Set is
precisely the disjoint union, then u(x) is either in X or in Y. Assume u(x) =
xg = tx(xg) € X for some xy € X, then (f @ g) ou = I'v o un implies
v(x) = (t1)c o f(zo). Since this argument is simmetrical if u(x) € Y we have
the following decomposition:

Cov(C)(1,A® B) = Cov(C)(1,A) U Cov(C)(1, B)

Definition 1.1.10. Let H be an Heyting Algebra, then we call its Freyd
cover the Freyd-Heyting cover of H

Definition 1.1.11. We say that biCC is the category with objects bicarte-
sian closed categories and morphisms functors preserving the bicartesian
structure up to isomorphism

Definition 1.1.12 (Global Set Functor). Let C be a locally small category
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with terminal object 1.. We define the global set functor as:

A9 pa) = ¢(1e, A)
l — lr(f)zc(lc,f)
B I'(B) =C(1¢, B)

Lemma 1.1.13. Let C be a category in biCC, then its Freyd cover Cov(C)
is again in biCC
Proof. We want to generalize contstruction in 1.1 for arbitrary bicartesian
closed category. We mimic the construction in [1]. Let C be a bicartesian
closed category and let (X, A, f) and (Y, B, g), we want to construct the ex-
ponential object (Y, B, g)*49) . Asin 1.1 we expect the exponential to mimic
(YX BY h) where h : YX — T'(BY); however we know that (YX) cannot be
the rigth Set-component of the exponential. morevoer the constuction of h
in this situation is slithely more complex. Let’s begin by noticing that the
global set functor is a product preserving functor and that, since C is CC, in
C there is the exponential object B4 with evaluation eve : B4 x B — A. We
can form the composition :

w:D(A) x D(BY) 5 1(A x BA) 1, p(p) (1.15)
Now, we take the abstraction of u in Set, @ : ['(A) — T(B)'™. Consider
now the following pullback diagram:

H » y Y X
p1 J gX
I'(B4) > I'(B)¥
X‘ AB))/'
[(B)F)

Where (T'(D))f : T(B)'™ — T[(D)X is defined by u — po f and g~ :
Y* — T(B) is defined by w — gow. We claim (H, B4 h = p;) to be
the exponenetial object (X, A, f)*29). We will prove this by checking that,
provided E = (Z, E, k), we have a natural ismoporphism Cov(C)(Ex A, B) &
Cov(C)(E, BA)™.

“here we make an abuse of notation setting A := (X, A, f), B := (Y, B, g)
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Construction of ® : Cov(C)(E x A,B) — Cov(C)(E,BA): let (tset, ¥c)
in Cov(C)(E x A,B) then, gy : Z x X — Y and ¢y : E x A — B.
Thus, using that Set and C are cartesian closed, we can take the abstractions
wget 7 — Y¥ and @DC E — B4. Now, consider the following diagram:

Z \ Tz}Set
3!(f)Set
k o H i > Y X
F(E) p1 gx
F(%
A X
F(B ) (D) ou F(D)

we can check that the external square commutes using unicity of abstraction;
so whe check that:

Evger 0 (g% 0 s x idx) = Evge o (TB)f oo D(¥e) ok x idy) (1.16)
Indeed:

E'USet o (QX o r‘LSet X ZdX) - EUSet o (gX X ZdX) o (@&Set X ZdX) = g¢Set

The last equality can be seen using explicit definition of g*; whe have that
any [ : 2 =YX g(l) : 2 — g(I(2)) € T(B)* and so Evse, (g~ x idx) sends
(I,x) to g(I(z)). Also go Evse sends (I,x) to g(I(z)) and thus Evg o (g% x
idx) = g o Fvge and so the equality is justified. Let’s move on to the right
side of the equation:

Let 1 := D(1¢) and t := @ o) : Z — T'B™. Then the function T'B/ o ¢
assign to each z € Z the function t(z) o f : X — I'B. Thus the evaluation is
comutet as follows:

Evsa(TB't(2),7) = (t(2) o f)(2) = ((2)f)(x)
this yields to:
Evse(TBY ot) xidx) = Fvggo(tx f): Zx X = TB
Thus substituting t we obtain:

FEvge o ((FB)f ot ol (i) ok x idy) = Evger o ((fiohs) x f) =
= BEvge o (4 X idra) o (o % f)
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Now, recalling that 4 is the abstraction of I'(Eve) o6 : TA x I'(B4) — I'B
where 0 : TA x I'(B#) — I'(A x B#) is the canonical isomorphism provided
by the fact that the global set functor preserves products we have:

Evger o (4 X idra) = T'Evge 00
Therefore:
Evger o (e X idra) o (g X f) =T (Evse) 00 o (g X f)
Now, expliciting the definition of 6 we get :
Evge o (DB odioy) x idx) =T (¥c) o (k x f)

Now, the arrow condition on (¢se, ¥¢) proves the equation 1.16, therefore by
the universal property of H there exists a unuque ¢g.; : Z — H that makes
the pullback diagram commutative. Notice that the universal property of
pullbacks ensure us that (¢ger, tc) is an element of Cov(C)(E, B4). Morover,
this construction is unique, hence we have defined a function ®; : Cov(C)(E %

A, B) = Cou(C)(E, B*) sending (thser, Yc) to (¢ser, V).

Contrution of ¥ : Cov(C)(E,BA) — Cov(C)(E x A,B): let (g, ¥c) in
Cov(C)(E, B"), then the idea is to performe and ”inverse construction” with
respect to ®. Let’s begin with the Set-component.

We have ¢ge; : Z — H, thus we define ¢1 := p; 0 Yge and ¢g := pa 0 Pgey.
Now, we use the exponential structure of Set to define

Vet = Evges 0 (o1 xidx): Zx X =Y
Now, we mimic this construction in C setting
Ve = Evgo (e xidy): Ex A— B
We claim that (g, vc) is an arrow of Cov(C) i.e that
gUser =Tk x f): Zx X - TB (1.17)
Now, we begin unfolding the left side of the equation®:

g@set =go Evge 0 (¢1 X ’idx) = Evge 0 (QX X ’idx) o (¢1 X idX)
= Evset e} ((gX e} ¢1) X de)

Now, by definition ¢y:

g ¥ o¢1 = (T'B) otioy

Swe use some identities derived in the last step
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hence:
gset = Evger o (TBf 0@ o Tpe o k) x idy)
Now, with same argument used in 1.16
Evge o (TBY otioTpe o k) x idx) = Evge o (o Tepe o k) x f)
hence substituting:

g&Set = EUSet o (U X ZdFA) o (F@/)c o k» f)

Now, recalling the definition of & and expliciting the canonical isomorphism
0 we get:

g0 User = F(_Evset) oo (I'Yek, f)
= Fl/)c © (k7 f)

Thus, since the universal property of exponentials and pullbacks grant us
the unicity of (’JJSeta'JJC) then we have succesfully constructed a morhpism
U : Cov(C)(E, BY) — Cov(C)(E x A, B).

® and ¥ gives a natural isomorphism: this follows easily by construc-
tion. In fact evaulation and abstractions are inverse to each other and, since
we are working in Set with the two "projections” of set component the uni-
versal property of pullbacks grants us that our functions are inverse each
other. Moreover our construction uses only mapping derived from natural
isomorphisms - e.g. natural isomorphism of exponential objects in Set and
C and natural ismophism of pullbacks in Set. Therefore our assignment is
natural.

We proved that there is a natural isomorphism:

Cov(C)(E x A, B) = Cov(C)(E, B*)
And so the, since the functor (—)# is right adjoint to (=) x A, then our can-

didate (H, B4, h) is indeed the exponential objet. Thus Cov(C) is cartesian
closed and we are done. (AGGIUNGERE CONTI) O

Remark 1.1.14. Notice that the exponential construction in 1.1.13 agrees
with exponential construction in 1.1 if C is an ordered catgory
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Proposition 1.1.15. The Freyd Cover of a bicartesian closed category ex-
tend to an endofunctor

picc —*9 . picc

A Cov(A)
Fl Cov(—) l
_ Cou(F)
B Cov(B)
where:
Cov(A) — T, coun(B)

(X,A, f) ——— (X, FA F - f)

(h,k)l ' > l(h,Fk)

(Y, B, g) (Y,FB,F -g)

where F'- f : X — I'(F'A) is the set function defined sending x € X into the
global setion of F'A given by F(f(z)): 1z — FA

Proof. By lemma 1.1.13 Cov(—) exentend to a class function from biCC to
itself. Then notice that the action of Cov(—) over arrows of biCC is well
defined since the commutativity condition of the arrow is preserved under
the action of F'. Indeed by definition of F'- f and F'- g we have:

(F'-g)oh=F(Tk)o(F-f)

Ando so for F' : A — B we proved Cov(F) : Cov(A) — Cov(B) is a well
defined functor. Moreover, clearly Cov(Id4) = Idcou4) and by definition of
F- f thaking F : A — B and G : B — C we have that Cov(G-F) = Cov(G) -
Cov(F). Thus Cov(—) : biCC — biCC is a well defined endofunctor O

Corollary 1.1.16. Taking posettal reflection of a lattice - i.e. an ordered
bicartesian closed category - gives rise to an endofunctor:

Pcov(—) : bLat — bLat

where Pcov(—) := Pos o Cov(—) : bLat — bLat and bLat is the category
of bounded lattices - i.e. lattice with top and bottom objects - with lattice
homomorpishms as arrows.
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Proof. By lemma 1.1.6 the cover of a lattice has a bicartesian structure and
by lemma 1.1.13 the cover of a lattice is also a cartesian closed category.
Therefore we are done, since the posettal reflection of a bicartesian closed
category is a bounded lattice (the posettal reflection preserves bicartesian
closed struture of the category) O]

1.2 Application to Logic

After defining the construction of Freyd Cover and proving some baisc prop-
erty of this constuction we are ready to use the categorical property of Cov(—)
to show some logical poperty of intuitionistic logic. In this section we will
prove categorically that the propositional logic satisfy the disjunction prop-
erty using the Freyd Cover construction.

Theorem 1.2.1. Let the following disjunction ¢ V ¢ be derivable in the
intuitionistic propositional logic. Then either ¢ or 1 is derivable.

Proof.

Idea: We will apply our construction to the Lindembaum-Tarski algebra
of the initial intuitionistic propositional logic 7y. Notice that the projec-
tion Tly : Cov(A;(To)) — Ai(To) “preserves” the Lindembaum component
of element of Cov(A;(7p)),therefore a clever model build upon Cov(A;(7p))
respects the categorical semantics of 7y. We will use this property to con-
struct, from the fact that ¢ V¢ holds, a global section of ¢ or 1, proving the
disjunction property.

Proof: Let 7y be the initial intuitionistic propositional theory and consider
the Lindembaum-Tarki algebra A;(7o). Notice that Pcov(.A;(7y))is an heyt-
ing algebra, so we can define a model

v: Frm(Ty) = Pcov(Ai(To))
in the following way: let A be a propositional variable, then
A= v(A) = [(Xa,[A], e4)]
where X 4 is the terminal object in Set if 1 <4,(7;) [4] and initial otherwise:
Xa = {z=0[1 < [A]}

notice that [(X4, [A],e4)] is a well defined element of Pcov(A;(7Tp)). In fact
if A is the top in A;(7p) then the set global section of the class [A] is terminal
and so e4 is uniquely defined. Otherwise X4 is inital in Set and thus again
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e4 is uniquely defined. Now, this definition can be extended inductively by
lifting the Lindembaum-Tarski evalutation to the Freyd Cover, namely by
setting v(y A psi) = v(y) x v(¥), v(¥ V) = v(d) & v(Y) and v(¢p — ¢) =

v(1))"(®). Therefore for an arbitrary formula ¢ we have:

V() = [(Xg, [0], )]

for some X4 in Set and e, : Xy — I'[¢]. Notice that in this model the
evaluation of a propositional variable A and —A is neither the top or the
bottom (this follows immediatly by construction).

Let ¢ V 9 be a tautology in 7, therefore

V(o V1Y) = Lpeoviai o)) = [(Lset Lay(7), un)]

Now, since v(¢V1)) = v(¢)@r(¢) there exists a global section g : 1peoy(a,(75)) —
(X5, [¢], €0)] © [(Xy, [¢], €p)]. By remark 1.1.9 g = (g1, 92) : 1peov(ai(r)) =
v(¢) or g = (91,92) : Lpcow(a, (1)) — V(). Now, in the first case ey(g1(x)) €
I'[¢] hence ¢ is provable in the logic. In the second case ey (g1(x)) € I'[¢] and
so 1 is provable in the logic. Thus the disjunctin property is proved and so
we are done.ey(g1(x)) € T'[¢] O
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